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ABSTRACT 
Explicit forms for ergodicity coefficients are known only when the Ii-norm or the 
Z,-norm is used [ll, 151. The purpose of this paper is to give a new approach to 
ergodicity coefficients and their functional forms. Realizations of this general proce- 
dure provide further ergodicity coefficients, their explicit forms, and new eigenvalue 
bounds, which are compared with the Deutsch-Zenger numerical radius [2, 81. 
1. INTRODUCTION 
Let ]I * 11 be an arbitrary norm on [w”, and S, (n > 2) the set of all n X n 
stochastic matrices. In [ll] E. Seneta has introduced a general concept of 
ergodicity coefficients T for P E S, with respect to the norm ]I * 11: 
T(P) = sup{l]xP]l: x E H, llxll = 1) (P E s,>, 
where 
n 
x=(x1,x2 ,..., x,)EW: x, 0 . c ,=) 
i=l 
In particular he has observed that the ergodicity coefficients r(P) are bounds 
on all real nonunit eigenvalues of P. U. G. Rothblum and C. P. Tan [lo] have 
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investigated similar coefficients of n X n nonnegative, irreducible matrices 
Q. For such matrices Q the spectral radius p is a simple eigenvalue of Q, 
p > 0, and there exists a positive right eigenvector w of Q corresponding to 
p. Using the coefficients 
7 ,,.,, (Q) = s~p{ll~QlI: llxll = 1, xw = 0, x E [w”], 
P,,./,(Q) = ~~p{ll~Qll: llxll = 1, xw = 0, x E C”), 
where I] * II denotes a norm on [w” or C”, respectively, Rothblum and Tan [lo, 
Theorem XI] have proved that for any norm I] * II there exists a continuation 
Ill * Ill on C” such that CL,,, .,,, (Q> = r,,.,,(Q) holds, and therefore r,,.,,(Q) is 
actually a bound on ail complex eigenvalues A # p of Q. 
In this paper we consider stochastic matrices P which are not necessarily 
irreducible. However, with the vector w = (1, 1, . . . , 1) and p = 1, the 
procedure of Rothblum and Tan yields the proof that r(P) is a bound on all 
nonunit eigenvalues of P. 
In order to use ergodicity coefficients practically, one needs explicit 
functional forms in terms of the entries of P for these coefficients. Such 
explicit forms are known only in the cases when the Z,-norm or the I,-norm is 
used [lo, 11, 151. In these cases the existence of explicit forms of G-(P) 
depends upon the simple structure of the set ExtliS I-I H) (see [7, lo]>, 
where S = (x E [w” : 11 XII = l} and Extr( A) denotes the set of the extremal 
points of the set A. Let K = {x E [w” : ]]x]l Q 1); then (see [7, lo]) 
r(P) = sup{llXPlI: x E Extr( K n H)} 
= sup{ ]lrP]]: x E Extr( S n H)}. 
In [7, lo] the known explicit functional forms of ergodicity coefficients 
based on the Z,- and E,-norms are derived on the basis of the extremal point 
set Extr(S n H >. In general Extr(S n H) is either difficult to evaluate or 
very extensive [e.g., Extr(S n H) = S n H for Zp-norms, 1 < p < ~1, so that 
in the case of arbitrary norms explicit functional forms or ergodicity coeffi- 
cients are either not available or difficult to obtain. In this note we give a new 
approach to functional forms of ergodicity coefficients. We do not start with a 
norm on [w”, but with a subset of H of which we hope will turn out to be the 
set Extr(S n H). Thus, the problems are shifted to the definition of the 
corresponding norm. Some examples show the utility of this approach and 
provide further ergodicity coefficients and new eigenvalue bounds. 
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We compare the new eigenvalue bounds with the Deutsch-Zenger numer- 
ical radius [2, 8-10, 161 of stochastic matrices and correct one mistake, 
concerning this numerical radius, that appears in the literature. 
In the last section it is demonstrated that different ergodicity coefficients 
induced by norms are incomparable. 
2. THE APPROACH TO FUNCTIONAL FORMS OF ERGODICITY 
COEFFICIENTS 
We consider H = (x = (x~,x~,...,x,)E Rn:C~=lxi = 0} as a sub- 
space of the topological vector space [w”. For any subset A of H, let Lin A 
be the vector subspace of H spanned by A, -A = I---x : x E A], dA the 
boundary of A, and conv A the convex hull of A. 
Let M be a bounded closed subset of H with Lin M = H. Then the set 
K = conv (M U - M) is a convex symmetric compact body in H, and the 
null vector is an interior point of K. Therefore the Minkowski functional 9 of 
K defined by 
9(z) = inf{t-’ : t > 0, tx E K} for x f 0, 
9(O) = 6 
is a norm on H. (This follows from a known relation between norms and 
convex bodies; see e.g. [3, Theorem 5.5.81.) Clearly, for x # 0 one obtains 
9(X) = A-’ if A > 0 and Ax E dK 
Since 9 can be continuated to a norm on [w”, the functional rq with 
rq( P) = sup{9( 3cP) : x E H, 9(x) = 1) 
= sup{ 9( XI’) : x E Extr K} (P E SJ 
is an ergodicity coefficient. The construction of 9 and the inclusion Extl( K) 
C M U - M imply 
rq( P) = sup{ 9( xP) : x E M}. 
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In order to obtain concrete rq and their functional forms one should take 
subsets M of H for which the Minkowski functional q of K = con4 M u - 
M) can be cakulated easily. 
3. SOME NEW ERGODICITY COEFFICIENTS AND THEIR 
FUNCTIONAL FORM 
In the following let ej = (x,, . . , 
(i,j = 1,2 
x,) with xj = 1, xi = 0 for i #j 
,...> n). 
EXAMPLE 1. For the general procedure we take M = (x2, x3,. . , xn} 
with 
x2 = e, - e2 = (1, -l,o )...) O), 
x3 = e, - e3 = (LO, -l,o )...) O), 
xj = e, - ej = (l,O,..., o,-l,O ,...) O), 
x, = el - e, = (1,O )...) 0, -1). 
Clearly M c H and Lin M = H. In order to define the Minkowski functional 
q of K = co&M U - M > we need the boundary planes of the convex 
polyhedron K. The boundary planes of K are exactly the convex hulls of sets 
of n - 1 points of M U - M such that either xj or -x belongs to each set 
(j = 2,3, . , n). Therefore, for every sequence 6 = i es, &s, . . . , E,) with 
.sj E {I, - I} the set 
&xi:a,>o, i:ffi=l 
i=2 i=2 I 
is a boundary plane of K, and dK = U, F,. 
Let y = (yl, yz,. . . , y,,) E H with y f 0; we will calculate q(y). There 
exists a sequence E with 
AY E F, for q(y) = h-l. 
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Let 
Componentwise we have 
hy, = -(Y2&2,..., 
or equivalently 
hyj = -cYj&j,. 
cY.2 = -Epy*h,. , cYj = -&. 1 Yl .A,. 
hyn = -A,E;,, 
ff, = -%Ynh. 
The relations h > 0, cxi > 0 imply - cj = sgn yi for yj # 0. Therefore, from 
c;l= 2 cr; = 1 follows 
4(Y) = i: lYj1 (Y EH) 
j=z 
Corresponding to the general procedure we have 
7&P) = max{q(x,P) :j = 2,. . .) n}: 
so that with P = (Pij>l,j= I,rz., _. , n it follows that 
EXAMPLE 2. Let k E {1,2,. , n}. In the genera1 procedure we take 
M = {xj : j # k}, where xj = ek - ej (j = 1,2, . . . , n). Analogously to Ex- 
ample 1, we obtain the ergodicity coefficients 
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EXAMPLE 3. We take M = Ix,, x2,. . ., x,-J with 
x1 = el - e2 = (1, -l,o )...) O), 
x2 = e2 - e3 = ((xl, -1,o I..., O), 
x,_~ = e,_l - e, = (0,. . .,O, 1, -1). 
AS in Example 1, the boundary planes of the convex polyhedron K = conv(M 
U - M > are the convex hulls of sets of n - 1 points of M U - M such that 
either xj or -xj belongs to each set (j = 1,2,. , n - 1). Therefore, for 
every sequence E = (Ed, Ed,. . , E,_~) with cj E (1, - 11 the set 
In-l n-1 \ 
Fe = 
i 
c (YiEiXi: cq > 0, c cq = 1 
i=l i=l i 
is a boundary plane of K, and d K = IJ, F, . 
Let y = ( yl, y2,. . . , y,,) E H with y # 0 and 
AY E FE for g(y) = A-’ 
Let Nyl, yz,. , y,,) = C~&~,E~X~. Then we have 
hy,_, = --(Y,_2E,_l + a,-l&,-l, 
Ay, = -(Y,_~E,_~ 
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This system is equivalent to 
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Yl = “Pld YL 
Yl + Yz = ‘Y2&24( Yh 
Yl + Y2 + Y3 = (Y3&3dY), 
Yl + Yz + *** +yn-1 = “n-l&“-19(Y). 
Thus, we obtain 




4(Y) = C &i C Yj. 
i=l j=l 
the relation ,_ r yj> = sgn q (i = 1,2, . . . , n - l), for Cj= 1 yj z 0 one has Since sgn(C’, _ 
Thus, we obtain the ergodicity coefficient 
Tq( P) = max n%li i (Pik -Pi+:.i)i. 
i=l,Z ,..., n-l j=l k=l 
4. ON RELATIONS BETWEEN THE ERGODICITY 
COEFFICIENTS AND THE DEUTSCH-ZENGER NUMERICAL 
RADIUS 
4.1. Clarijcation of Some Remarks in the Literature 
Modifying the Bauer field of values, E. Deutsch and C. Zenger [2] have 
introduced a numerical range V(P) of stochastic matrices P which contains 
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all eigenvalues A of P with A # 1. For the Deutsch-Zenger numerical radius 
u(P) = max{lA:p E V(P)}, 
one has 
U(P) G 8(P) = + max 
i,j=l 
i: IPik - Pjkl> 
,...,n k=l 
where 6(P) is the ergodicity coefficient based on the l,-norm. 
The Deutsch-Zenger numerical radius v(P) is a bound on the eigenvalues 
A # 1 of P. Unfortunately the number 
which is considered as a bound on the nonunit eigenvalues of P in [lo, 161, 
does not fulfill the inequality v(P) < w( P> (P E S,) and is not a bound for 
all eigenvalues A # 1 of P. For example, the matrix 
0 1 0 
P,= [ 0 0 1 1 0 0  
has the nontrivial eigenvalues - k + i ifi but wo(Po) = 0. Thus, one could 
conjecture that the number 
is an upper bound of v(P) or at least for the nontrivial eigenvalues of P. 
However, this is false, as the following examples show. 
For 0 < E < i the (irreducible aperiodic) stochastic matrices 
[ 
l--E 0 
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have the nontrivial eigenvalues 
On the other hand, u;(P,) = 1 - 2~5, so that 
]Jqj]” = (1 - 24 + E(1 - &) > [w(Fp 
A correct formula for the Deutsch-Zenger numerical radius u(P) has 
been obtained by the author [S, 91. With the numbers 
the numerical radius v(P) can be defined according to the formula 




For the matrices P, one has 
for 21mijl < hij, 
for 2(mjjl > hij. 
I/q] = u( P,) = Jl - 3E + 3E2 
Obviously, if 2)mijl > hij for all i, j = 1,2,. . . , n, then w(P) = u(P). How- 
ever, this fact is not interesting, because in this case u(P) = 8(P) holds. For 
example, for the matrix PO one has this case. The formula for u(P) yields 
easily the relation 
w(P) <u(P) (P E Sn). 
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Considering [2, 81, one observes that w(P) is a bound for the real parts of the 
nontrivial eigenvalues of P. 
4.2. A Comparison between the Obtained Ergodicity Coeflicients and 
the Deutsch-Zinger Numerical Radius 
The ergodicity coefficients rk from Example 2 yield a new bound for the 
subdominant eigenvalues of stochastic matrices. The inequality 
holds for all eigenvalues h # 1 of P. This bound is better than Hadeler’s [5] 
bound 
but not comparable with the Dobrushin ergodicity coefficient S(P), the 
Deutsch-Zenger numerical radius u(P), and the real part bound w(P), as the 
following matrix Q and the above matrices P, (0 < E < i) demonstrate. 
EXAMPLE 4. Let 
We have 
[ 5 64 5 64 6 4. 81 
71(Q) = k$;3~dQ) = ; < ; = w(Q) = 40) = S(Q)> 
3 , 
and on the other hand for P, 
Tk( P,) = 2 - 3E > 1 - & = 6( P,) > u( P,) > w( PE) for k = 1,2,3. 
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EXAMPLE 5. Let 
1 2 2 1 2 
1 2 
s=i3 I 1 1 2 2 0 13 4 0 0 3 1 4 0 0 4 1,  0 
1 1 
2 1 0 
T= [ 
0 0 1. 
1 I 3 5 1 
3 1 
The ergodicity coefficient rq (Example 3) yields 
T&q = ; <w(S) = ; and r,(T) = $ > S(T) = 1. 
5. CONCLUDING REMARKS 
5.1 
Seneta [13] has stated that the ergodicity coefficients based on the 
ZP-norms (1 < p < m> are invariant under the transposition of rows and/or 
columns. With the norms constructed in Section 3 this is not the case, even 
under simultaneous permutation of rows and columns. However, if P is 
obtained from the stochastic matrix Q by simultaneous interchange of the ith 
and jth rows and columns of Q, then ri(Q) = 5(P) and rk(Q) = rk(P) for 
all k z i, j. 
5.2 
THEOREM. The ergodicity coeflicients with respect to vector norms on H 
in the sense of this paper are incomparable, that is, for any pair of different 
ergodicity coefficients u, r there exist stochastic matrices P, Q with r(P) < 
(T(P) and T(Q) > u(Q). 
Proof. Let us assume that (+, r are different ergodicity coefficients with 
cr( P) < T(P) for all P E S,. For any P E S, a linear operator A, on the 
subspace H of R, is defined by A,x =xP (x E H). Let II*I10,11.117 be 
norms on H inducing the ergodicity coefficients (T, 7, respectively. Let 
L(H) denote the set of all linear operators on H. The functionals c+, r can 
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be continued to L(H) by the definitions 
T(A) = (IlAd, : x E H, llxll, = 1> [A E L(H)1 
We will use the following known theorem (see e.g. [3, Theorem 5.6.18, 
Corollary 5.6.251): If a(A) < T(A) h Id f o s or all A E L(H) of a finite 
dimensional space H, then a( A) = T( A) [ A E L( H )I. 
For every A E L(H) there exists an n X IZ matrix QA = (qii) and a real 
number cA such that 
Ax =xQA (x E H), (i=1,2 ,...) n). 
j=l 
Since all matrices (qij + cxli, j= 1,, , n (a E R> represent the same mapping 
A, we may assume qij z 0, cA > 0. 
Because of our assumption, we have for the stochastic matrix c,‘QA the 
inequality a(c,i’QA) < r(cilQA); therefore cr( A) < T(A) holds for all 
A E L(H). The above-mentioned theorem [3] yields a(A) = r(A) [A E 
L(H)]; in particular o(P) = T(P) (P E S,). n 
The author is grateful to the referee for some suggestions which improved 
the first version of this paper. 
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